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Abstract
For each odd prime power q with q ≥ 5 and 4 | q − 1, we investigate
the structure of the representation category of the quantum double of
SL(2, q), determining its tensor products and braidings.
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1 Introduction
Let Γ be a finite group. For a closed oriented 3-manifold M , the untwisted
Dikgraaf-Witten invariant ZΓ(M) counts homomorphisms of π1(M) to Γ. DW
theory was first proposed in [6] as a 3-dimensional topological quantum field
theory (TQFT), and since then has been further studied by many people; one
may refer to [7–9, 23, 27, 30], etc.
Recall [2, 25] that, given an modular tensor category (MTC), one can asso-
ciate to each “colored framed link” an invariant, and then use it to define a
cobordism invariant, which fits in TQFT axioms. From Γ one can construct the
quantum double D(Γ), whose representation category E(Γ) is an MTC, giving
rise to a 3d TQFT RTΓ. Freed [10] proved that ZΓ coincides with RTΓ, by
computing the DW invariant of the circle to be E(Γ) and applying Reshetikhin-
Turaev Theorem. This permits us to compute ZΓ(M) for a 3-manifoldM , from
a surgery presentation of M .
The fundamental group of a 3-manifold is no doubt important, but as a
non-commutative object, it is usually difficult to handle. DW invariant extracts
from fundamental group partial information which is manageable. Remarkably,
in recent years, many deep connections between 3-manifolds and finite groups
have been revealed (see [3, 16, 18, 28, 29] and the references therein). Thus it
is worth investigating the MTC E(Γ) for various finite groups Γ. However, till
now there is no such work seen in the literature.
∗Email: chenhm@math.pku.edu.cn
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In this paper, we consider the case Γ = SL(2, q), where q is an odd prime
power with q ≥ 5 and 4 | q − 1. The motivation for this choice is two-fold.
Firstly, it is Weil’s great insight that, if a variety X can be defined both over C
and Fq, then the behavior of #X(Fq) for various q “remembers” the topology
of X(C). In particular, for a finitely generated group Λ and a linear algebraic
group G (which can be SLn, PGLn, etc), topological properties of the G(C)-
representation variety of Λ are encoded in the numbers #hom(Λ, G(Fq)). More
than expected is established in [4] that the E-polynomials of the GL(n,C)- and
SL(n,C)-character varieties of Λ can be computed by counting representations
over Fq. Works concerning Fuchsian groups are [15, 19]; zeta-functions of some
knot groups were computed in [12, 13, 26], and [20, 21] were also in this vein.
Secondly, for a hyperbolic 3-manifold, its fundamental group is closely related
to SL(2, q); see, for instance, [14, 17, 24]. Significantly, it was discovered in [14]
that the Hasse-Weil zeta function of the canonical components of the PSL2-
character variety of a closed hyperbolic 3-manifold of finite volume is equal to
the Dedekind zeta function of its invariant trace field.
A key feature of SL(2, q) is that the centralizer of each non-central element is
abelian. This makes E(SL(2, q)) relatively easy to understand, and enables us to
derive explicit formulas for the decomposition of tensor products of irreducible
representations. Based on these, we can compute the braidings.
We expect these results to be foundational for future researches concerning
interplay between arithmetic and hyperbolic 3-manifold.
The content is organized as follows. In Section 2 we recall the construction
of quantum double D(Γ) and the MTC structure of its representation category
E(Γ), for a general finite group Γ. In Section 3 we give details to SL(2, q) and
simple objects of E(SL(2, q)). The main achievements of this paper are presented
in Section 4, where we derive explicit formulas for the tensor products and the
braidings.
Acknowledgement
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2 Preliminary
Notation 2.1. For elements x, y of some group, let [x] denote the conjugacy
class containing x, let Cen(x) denote the centralizer of x, and let y.x = yxy−1.
For a positive integer m, let Zm denote Z/mZ.
For a finite field F, let F× denote the set of nonzero elements, which forms
a cyclic group under multiplication; let F×2 denote the set of nonzero squares.
Given positive integers a, b with a < b, let [a, b] = {a, a+ 1, . . . , b}.
For this section, one may refer to [2] Section 3.2 and [9]. Given a finite
group Γ, the quantum double D(Γ) is a quasi-triangular Hopf algebra with
underlying vector space spanned by 〈g, x〉, g, x ∈ Γ, and equipped with the
following operations:
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• multiplication: 〈g, x〉〈h, y〉 = δg,x.h〈g, xy〉;
• unit: 1 =∑g∈Γ〈g, e〉;
• comultiplication: 〈g, x〉 7→∑g1g2=g〈g1, x〉 ⊗ 〈g2, x〉;
• counit: 〈g, x〉 7→ δg,e;
• antipode: 〈g, x〉 7→ 〈x−1.g−1, x−1〉;
• R-matrix: R =∑g,h∈Γ〈g, e〉 ⊗ 〈h, g〉.
Let E(Γ) be the category of finite-dimensional representations of D(Γ). Each
object can be identified with a Γ-graded vector space U =
⊕
x∈Γ Ux together
with a left action LU : Γ × U → U such that LUg (Ux) = Ug.x for all g, x. A
morphism f : U → V is a family of linear maps f = {fx : Ux → Vx : x ∈ Γ}
such that LUg ◦ fx = fg.x ◦ LUg for all g, x.
Here are main ingredients of the MTC structure of E(Γ):
• The tensor product, denoted by ⊙, is given by
(U ⊙ V )x =
⊕
x1x2=x
Ux1 ⊗ Vx2 .
The unit object is C with C1 = C and Cx = 0 for all x 6= 1.
• The associator (U ⊙ V ) ⊙ W → U ⊙ (V ⊙ W ) is given by the natural
isomorphism of vector spaces
(Ux ⊗ Vy)⊗Wz ∼= Ux ⊗ (Vy ⊗Wz).
• The braiding RU,V : U ⊙V → V ⊙U sends u⊗v ∈ Ux⊗Vy to LVx (v)⊗u ∈
Vx.y ⊗ Ux for all u ∈ Ux, v ∈ Vy.
• The dual is given by (U∗)x = (Ux−1)∗ (the dual vector space), with LU∗g :
(U∗)x → (U∗)g.x given by the dual map of g−1 : Ug.x−1 → Ux−1 . In
addition, there are natural morphisms ιU : C→ U⊙U∗ and ǫU : U∗⊙U →
C, which respectively can be expressed as
ιU (1) =
∑
x
∑
a
ux,a ⊗ u∗x,a, ǫU (u∗x,a ⊗ uy,b) = δx,yδa,b, (1)
where {ux,a} is an arbitrary basis of Ux, and {u∗x,a} is the corresponding
dual basis of (Ux)
∗ = U∗x−1 .
For U ∈ E(Γ), call {x ∈ Γ: Ux 6= 0} the support of U and denote it by
supp(U); the character of U is the function
χU : Γ× Γ→ C, (x, h) 7→
{
0, h /∈ Cen(x),
tr(h : Ux → Ux), h ∈ Cen(x).
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and the quantum dimension of U is defined as
dU =
∑
x∈Γ
χU (x, 1).
The character satisfies the following:
(i) U ∼= U ′ if and only if χU = χU ′ ;
(ii) χU (g.x, g.h) = χU (x, h) for all g;
(iii) χU∗(x, h) = χU (x
−1, h−1) for all x, h.
Let S be a system of representatives for conjugacy classes of Γ. For each x ∈
S, let Rx be a system of representatives for isomorphism classes of irreducible
representations of C(x), and let Rx ⊂ Γ be a system of representatives for left
cosets of C(x). For ρ ∈ Rx with representation space U(ρ), let U(x, ρ) be the
object of E(Γ) with
U(x, ρ)y =
{
U(ρ), y ∈ [x],
0, y /∈ [x];
for each g ∈ Γ and each a ∈ Rx, take a′ ∈ Rx and b ∈ Cen(x) such that ga = a′b,
and define L
U(x,ρ)
g : U(x, ρ)a.x → U(x, ρ)a′.x by ρ(b). In particular, U(1, ρ) is
the same as an irreducible representation of Γ.
It is known that each simple object of E(Γ) is isomorphic to U(x, ρ) for a
unique pair (x, ρ) with x ∈ S and ρ ∈ Rx.
For U = U(x, ρ), put
θU = tr(ρ(x)). (2)
3 The category E(SL(2, q))
3.1 Preparation
Let q = pn with p an odd prime and n ≥ 1. Suppose q ≡ 1 (mod 4); write
q = 4h+ 1.
For j ∈ {1, 2}, let j = 3− j.
For µ ∈ {+,−}, k ∈ [1, 2h− 1] and ℓ ∈ [1, 2h], set
µ = −, µ´ = 0, kµ = k, ℓµ = ℓ, if µ = +;
µ = +, µ´ = 1, kµ = 2h− k, ℓµ = 2h+ 1− ℓ, if µ = −.
As is well-known,
#SL(2,Fq) = q(q
2 − 1).
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Fix a generator eˇ of F×q2 , so that eˇ
(q2−1)/2 = −1. Let
e˜ = eˇ2h+1, e = e˜2, f˜ = eˇ2h, f = f˜2. (3)
Then e is a generator of F×q . We have
Fq2 = {a+ be˜ : a, b ∈ Fq}.
For x = a+ be˜, its conjugate is x := a− be˜ = xq, and its norm is
N (x) = xx = xq+1 = a2 − b2e.
Let tr : Fq → Fp is the trace. See Section 8 of [22] for definitions. It is known
that N : F×q2 → F×q is an epimorphism of groups, with kernel generated by f ,
and tr is surjective.
For k, ℓ ∈ Z, put
rk =
1
2
(ek + e−k), r′k =
1
2
(ek − e−k), (4)
s˜ℓ =
1
2
(f˜ ℓ + f˜−ℓ), s˜′ℓ =
1
2
(f˜ ℓ − f˜−ℓ), (5)
sℓ =
1
2
(f ℓ + f−ℓ), s′ℓ =
1
2
(f ℓ − f−ℓ). (6)
For x ∈ F×q2 , y ∈ Fq, put
a(x) =
(
x 0
0 x−1
)
, b(y) =
(
1 y
0 1
)
. (7)
Let
e = a(1), a = a(e), a˜ = a(e˜), bε = b(e
ε´), ε ∈ {+,−}; (8)
also, introduce
c =
(
s1 s
′
1e˜
−1
s′1e˜ s1
)
, c˜ =
(
s˜1 s˜
′
1e˜
−1
s˜′1e˜ s˜1
)
, j =
(
0 1
−1 0
)
. (9)
According to [11] Section 5.2, each element of SL(2, q) different from ±e is
conjugate to ak with k 6≡ 0 (mod 2h), or µbε with µ, ε ∈ {+,−}, or cℓ with
ℓ 6≡ 0 (mod 2h+ 1). Furthermore, ak′ is conjugate to ak if and only if k′ ≡ ±k
(mod q − 1), and cℓ′ is conjugate to cℓ if and only if ℓ′ ≡ ±ℓ (mod q + 1).
3.2 Irreducible representations of SL(2, q)
The irreducible representations of SL(2, q) were given in [11] (Page 71–73); they
are (in the notation of [11]) 1, V , Wσ (σ ∈ [1, 2h−1]), Xφ (φ ∈ [1, 2h]),W ′,W ′′,
X ′, X ′′. Here is the character table:
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µe ak µbε c
ℓ
1 1 1 1 1
V q 1 0 −1
Wσ (q + 1)µ
σ ζσkq−1 + ζ
−σk
q−1 µ
σ 0
Xφ (q − 1)µφ 0 −µφ −ζφℓq+1 − ζ−φℓq+1
W ′ 2h+ 1 (−1)k sε 0
W ′′ 2h+ 1 (−1)k sε 0
X ′ 2hµ 0 µsε (−1)ℓ+1
X ′′ 2hµ 0 µsε (−1)ℓ+1
where
s± =
1
2
(1 ±√q).
For u ∈ Zq−1, let u∗ denote the homomorphism
〈a〉 ∼= Zq−1 → C×, ak 7→ ζkuq−1; (10)
for v ∈ Fq, let v∗ denote the homomorphism
{b(c) : c ∈ Fq} ∼= Fq → C×, b(c) 7→ ζtr(vc)p ; (11)
for w ∈ Zq+1, let w∗ denote the homomorphism
〈c〉 ∼= Zq+1 → C×, cℓ 7→ ζℓwq+1. (12)
As a representation of 〈a〉 ∼= Zq−1,
V ∼= ⊕30∗ ⊕
⊕
2|u6=0
⊕2u∗ ∼= C〈ξa0,1, ξa0,2, ξa0,3〉 ⊕
⊕
2|u6=0
C〈ξau,1, ξau,2〉, (13)
where the ξau,j are ζ
u
q−1-eigenvectors of a. As a representation of {b(b) : b ∈
Fq} ∼= Fq or of 〈c〉, there is a similar decomposition.
Such decompositions for all the irreducible representations are tabulated as
below. This viewpoint plays a key role in explicit decompositions of tensor
products, as done in the final part of the next section.
〈a〉 {b(b) : b ∈ Fq} 〈c〉
V ⊕30∗ ⊕ ⊕
2|u6=0
⊕2u∗ ⊕
v∈Fq
v∗ 0∗ ⊕ ⊕
2|w 6=0
⊕2w∗
Wσ σ
∗ ⊕ (−σ)∗ ⊕ ⊕
2|u−σ
⊕2u∗ 2 · 0∗ ⊕ ⊕
v∈F×q
v∗
⊕
2|w−σ
⊕2w∗
Xφ
⊕
2|u−φ
⊕2u∗ ⊕
v∈Fq
v∗
⊕
2|w−φ,w 6=±φ
⊕2w∗
W ′ (2h)∗ ⊕⊕
2|u
u∗ 0∗ ⊕ ⊕
v∈F×2q
v∗
⊕
2|w
w∗
W ′′ (2h)∗ ⊕⊕
2|u
u∗ 0∗ ⊕ ⊕
v∈F×q −F
×2
q
v∗
⊕
2|w
w∗
X ′
⊕
2∤u
u∗
⊕
v∈F×2q
v∗
⊕
2∤w,w 6=2h+1
w∗
X ′′
⊕
2∤u
u∗
⊕
v∈F×q −F
×2
q
v∗
⊕
2∤w,w 6=2h+1
w∗
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3.3 Simple objects of E(SL(2, q)) with nontrivial supports
For u ∈ Zq−1, put
Auk = U(a
k, u∗). (14)
Note that
[µbε] =
{
µ
(
1− eε´ac eε´a2
−eε´c2 1 + eε´ac
)
: (a, c) ∈ F2q − {(0, 0)}
}
. (15)
For ν ∈ {+,−} and v ∈ Fq, let (ν, v)∗ denote the homomorphism
Cen(µbε)→ C×,
and put
Bν,vµ,ε = U(µbε, (ν, v)
∗). (16)
For w ∈ Zq+1, put
Cwℓ = U(c
ℓ, w∗). (17)
Summarized as follows:
U supp(U) ranges of parameters θU dU
Auk [a
k] k ∈ [1, 2h− 1], u ∈ [1, q − 1] ζkuq−1 q(q + 1)
Bν,vµ,ε [µbε] ε, µ, ν ∈ {+,−}, v ∈ Fq µνζtr(e
ε´v)
p (q2 − 1)/2
Cwℓ [c
ℓ] ℓ ∈ [1, 2h], w ∈ [1, q + 1] ζℓwq+1 q(q − 1)
Each simple object is self-dual. Indeed, we have isomorphisms
(Auk)ak
∼= ((Auk)∗)ak = ((Auk)a−k)∗, ak 7→ (a−k 7→ 1),
(Bν,vµ,ε)µbε
∼= ((Bν,vµ,ε)∗)µbε = ((Bν,vµ,ε)µbε)∗, µbε 7→ ((µbε)−1 7→ 1),
(Cwℓ )cℓ
∼= ((Cwℓ )∗)cℓ = ((Cwℓ )c−ℓ)∗, cℓ 7→ (c−ℓ 7→ 1).
For X = U(x, ρ), if ρ(−e) = 1 (resp. ρ(−e) = −1), then we say that the
parity of X is even (resp. odd), and write ν(X) = + (resp. ν(X) = −).
4 Tensor products and braidings
Let
k =
(
1 −e˜−1
e˜ 1
)
. (18)
Note that c = k.a(f), so cℓ = k.a(f ℓ).
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Lemma 4.1. For u =
(
a b
c d
)
∈ SL(2, q2), k.u ∈ SL(2, q) if and only if
d = a, c = −eb (so that N (a) + eN (b) = 1).
Proof. Computing directly,
k.u =
1
2e
(
(a+ d)e − (be+ c)e˜ (a− d)e˜+ (be− c)
(a− d)ee˜− (be− c)e (a+ d)e + (be+ c)e˜
)
. (19)
Clearly, k.u ∈ SL(2, q) if and only if a+ d, be− c, (a− d)e˜ and be˜+ ce˜−1 are all
in Fq, which is equivalent to d = a, c = −eb.
Lemma 4.2. Let y1,y2 ∈ SL(2, q2) with tr(yj) = tj , j = 1, 2.
(i) For any a ∈ F×q2 − {±1}, y1y2 = a(a) if and only if
y1 =
1
a− a−1
(
at1 − t2 −ay
−a−1z t2 − a−1t1
)
,
y2 =
1
a− a−1
(
at2 − t1 y
z t1 − a−1t2
)
for some b, c with bc = (a+ a−1)t1t2 − t21 − t22 − (a− a−1)2.
(ii) For µ ∈ {±1} and b ∈ F×q , y1y2 = µb(b) if and only if
y1 =
(
t1 − µx µ(bx− y)
(t1 − µt2)b−1 µx
)
,
y2 =
(
x y
(t2 − µt1)b−1 t2 − x
)
for some x, y with x(t2 − x) = (t2 − µt1)yb−1 + 1.
Proof. Suppose yj =
(
xj yj
zj wj
)
. Then
(i) y1 = a(a)y
−1
2 reads
x1 = aw2, y1 = −ay2, z1 = −a−1z2, w1 = a−1x2,
which together with tr(yj) = tj implies the result.
(ii) y1 = b(b)y
−1
2 reads
µx1 = w2 − bz2, µy1 = bx2 − y2, µz1 = −z2, µw1 = x2,
which together with tr(yj) = tj implies the result.
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Remark 4.3. Note that in (i), denoting t = a+ a−1 and tj = aj + a
−1
j ,
bc = −(t− a1a2 − a−11 a−12 )(t− a1a−12 − a−11 a2)
= 4 + tt1t2 − t2 − t21 − t22 =: ∆(t, t1, t2),
hence bc = 0 if and only if a = aǫ11 a
ǫ2
2 with ǫj ∈ {±1}.
Given two simple objectsX1, X2, consider decomposingX1⊙X2 into a direct
sum of simple objects. Suppose supp(Xj) = [xj ], j = 1, 2.
If x1 = µe, then
X1 ⊙X2 ∼=
⊕
ρ∈Rx2
⊕nρU(x2, ρ).
We may fix an isomorphism, and define
X2 ⊙X1 ∼=
⊕
ρ∈Rx2
⊕nρU(x2, ρ)
by post-composing the switching map X2 ⊙X1 → X1 ⊙X2. Then
RX1,X2 =
⊕
ρ∈Rx2
I(nρ), RX2,X1 =
⊕
ρ∈Rx2
θU(x2,ρ) · I(nρ).
So it suffices to determined the multiplicities nρ. We omit the computations.
Suppose xj 6= ±e, j = 1, 2. Let tj = aj + a−1j , with
aj =


ek
′
, xj = a
k′ , k′ ∈ [1, 2h− 1],
µ, xj = µbε, µ, ε ∈ {+,−},
f ℓ
′
, xj = c
ℓ′ , ℓ′ ∈ [1, 2h].
(20)
Let ν = + (resp. ν = −) if the parities of X1, X2 are the same (resp. opposite).
According to supports, we can primarily decompose X = X1 ⊙X2 as
X ∼=
2h−1⊕
k=1
X[ak] ⊕
⊕
µ,ε∈{+,−}
X[µbε] ⊕
2h⊕
ℓ=1
X[cℓ] ⊕X[e] ⊕X[−e]. (21)
Denote the restriction of R to X[x] by R[x].
4.1 X[ak], 1 ≤ k ≤ 2h− 1
Let G denote the set of u ∈ [1, q − 1] with u ≡ ν´ (mod 2).
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4.1.1 ek 6= aǫ11 aǫ22
For i ∈ [1, , q − 1], put
fj(i) =
1
ek − e−k
(
ektj − tj ei
⋆ tj − e−ktj
)
, j = 1, 2, (22)
where ⋆ 6= 0 is determined by the condition det(fj(i)) = 1; let
f(i) = f1(2h+ k + i)⊗ f2(i). (23)
Suppose a˜i : C〈fj(0)〉 → C〈fj(i)〉 is given by fj(0) 7→ ηaj (i)fj(i).
If xj 6= µbε, j = 1, 2, then Xak = Xevenak ⊕Xoddak , with
Xeven
ak
=
2h⊕
i′=1
C〈f(2i′)〉, Xodd
ak
=
2h⊕
i′=1
C〈f(2i′ − 1)〉.
Clearly, Xeven
ak
is a representation of 〈a〉, and the character vanishes at ak′ for
all k′; similarly for Xodd
ak
. Hence, regarding of the action of −e,
X[ak] ∼=
⊕
u∈G
⊕2Auk ; (24)
the isomorphism can be given by the one determined by
f(i) 7→
⊕
u∈G
ϑu(i)z(i), (25)
with
ϑu(i) =
ζiu2(q−1)
ηa1 (2h+ k + i)η
a
2 (i)
, z(i) =
{
(1, 0), 2 | i,
(0, 1), 2 ∤ i.
(26)
To compute R[ak](f(i)), we need to know the action of f1(2h+ k + i) on f2(i).
Since f1(2h+ k + i) = a
kf2(i)
−1, we have
R[ak](f(i)) =
ηa2 (2k + i)
ηa2 (i)θX2
· f2(2k + i)⊗ f1(2h+ k + i)
which is sent by (25) to⊕
u∈G
θ−1X2 · ζ
(k+2h)u
2(q−1) ϑu(i) · z(k + i).
It follows that
R[ak] = θ
−1
X2
·
⊕
u∈G
ζ
(k+2h)u
2(q−1) J
k, with J =
(
0 1
1 0
)
. (27)
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Remark 4.4. Note that the result is not “well-defined” with respect to the
choice of u. This is due to our definition of ηaj (i), which could have been defined
differently according to the parity of i.
If xj = µjbεj for at least one j, then
Xak =
⊕
i∈H
C〈f(i)〉, (28)
where H is the set of i ∈ [1, q − 1] with (denoting ek − e−k = ekˇ)
i+ kˇ ≡ jk + ε´j (mod 2);
note that if x1 = µ1bε1 and x2 = µ2bε2 , then k ≡ ε´1 − ε´2 (mod 2), so that H
is still nonempty. Hence
X[ak] ∼=
⊕
u∈G
Auk , (29)
the isomorphism determined by
f(i) 7→
⊕
u∈G
ζiu2(q−1)
ηa1 (2h+ k + i)η
a
2 (i)
. (30)
Similarly as the previous part,
R[ak] = θ
−1
X2
·
⊕
u∈G
ζ
(k+2h)u
2(q−1) I. (31)
4.1.2 ek = aǫ11 a
ǫ2
2 with ǫj ∈ {±1}
In this case, aj = e
kj , j = 1, 2, with ǫ1k1 + ǫ2k2 = k (mod q − 1). It is possible
that kj ∈ {0, 2h} for some j, in which case xj = µjbεj .
For i ∈ [1, q − 1], put
f+j (i) =
(
eǫjkj ei
0 e−ǫjkj
)
, f−j (i) =
(
eǫjkj 0
e−i e−ǫjkj
)
, j = 1, 2, (32)
fψ(i) = fψ1 (2h+ k + i)⊗ fψ2 (i), ψ ∈ {+,−}. (33)
Suppose a˜i : C〈fψj (0)〉 → C〈fψj (i)〉 is given by fψj (0) 7→ ηa,ψj (i) · fψj (i).
If X1 = A
u1
k1
, X2 = A
u2
k2
, then
Xak = C〈aǫ1k1 ⊗ aǫ2k2〉 ⊕
q−1⊕
i=1
C〈f+(i), f−(i)〉, (34)
X[ak] ∼= Aǫ1u1+ǫ2u2k ⊕
⊕
u∈G
⊕4Auk , (35)
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the isomorphism determined by
aǫ1k1 ⊗ aǫ2k2 7→ ak ∈ Aǫ1u1+ǫ2u2k , (36)
f+(i) 7→
⊕
u∈G
ζiu2(q−1)
ηa,+1 (2h+ k + i)η
a,+
2 (i)
(z(i),0), (37)
f−(i) 7→
⊕
u∈G
ζiu2(q−1)
ηa,−1 (2h+ k + i)η
a,−
2 (i)
(0, z(i)). (38)
The braiding is
R[ak] = ζ
ǫ1k1u2
2h ⊕ θ−1X2 ·
⊕
u∈G
ζ
(k+2h)u
2(q−1) ⊕2 Jk. (39)
If xj = µbε, then xj = a
kµ , and
Xak =
⊕
i∈H
C〈f+(i), f−(i)〉, (40)
Thus
X[ak] ∼=
⊕
u∈G
⊕2Auk , (41)
the isomorphism determined by
fψ(i) 7→
⊕
u∈G
ζiu2(q−1)
ηa,ψ1 (2h+ k + i)η
a,ψ
2 (i)
· z(ψ). (42)
The braiding is
R[ak] = θ
−1
X2
·
⊕
u∈G
ζ
(k+2h)u
2(q−1) I. (43)
4.2 X[µbε], µ, ε ∈ {+,−}
4.2.1 t1 6= µt2
Let
gj =
(
0 eε´/(µtj − tj)
(tj − µtj)e−ε´ tj
)
, j = 1, 2, (44)
g(x) = b(x+ c).g1 ⊗ b(x).g2, with c = e
ε´t1
t1 − µt2 . (45)
By (15), Xµbε 6= 0 requires
(µtj − tj)eε´+ε´j ∈ F×2q if Xj = Bνj ,vjµj ,εj . (46)
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When this holds, by Lemma 4.2 (ii),
Xµbε =
⊕
x∈Fq
g(x). (47)
Suppose b(x) : C〈gj〉 → C〈b(x).gj〉 is given by gj 7→ ηbj (x) · b(x).gj .
We have an isomorphism
X[µbε]
∼=
⊕
v∈Fq
Bν,vµ,ε, (48)
g(x) 7→
⊕
v∈Fq
ζ
tr(vx)
p
ηb1 (x+ c)η
b
2 (x)
. (49)
To compute the braiding, note that b(x + c).g1 = µbε(b(x).g2)
−1, so that
R[µbε](g(x)) =
µν´2
θX2
ηb2 (e
ε´ + x)
ηb2 (x)
b(eε´ + x).g2 ⊗ b(x+ c).g1,
which is sent by (49) to
µν´2
θX2
·
⊕
v∈Fq
ζ
tr(v(x−c))
p
ηb1 (x+ c)η
b
2 (x)
.
Hence
R[µbε] =
µν´2
θX2
⊕
v∈Fq
ζ
tr(
eε´t1v
t1−µt2
)
p . (50)
4.2.2 t1 = µt2 6= ±2
By Lemma 4.2 (ii), y1,y2 are upper-triangular, so that aj = e
kj and Xj = A
uj
k ,
j = 1, 2, with k2 = k1(µ). For ψ ∈ {+,−}, put
gψ(x) = b(x+ c′).aψk1 ⊗ b(x).aψk2 , with c′ = e
ε´+k2
ek2 − e−k2 . (51)
Then
Xµbε =
⊕
x∈Fq
C〈g+(x)g−(x)〉, (52)
Suppose b(x) : C〈aψkj 〉 → C〈b(x).aψkj 〉 is given by aψkj 7→ ηb,ψj (x) ·b(x).aψkj .
We have
X[µbε]
∼=
⊕
v∈Fq
⊕2Bν,vµ,ε, gψ(x) 7→
⊕
v∈Fq
ζ
tr(vx)
p
ηb,ψ1 (x+ c
′)ηb,ψ2 (x)
z(ψ). (53)
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Since b(x+ c′).aψk1 = µbε(b(x).a
ψk2 )−1,
R[µbε](g
ψ(x)) =
µν´2
θX2
ηb,ψ2 (e
ε´ + x)
ηb,ψ2 (x)
· b(eε´ + x).aψk2 ⊗ b(x+ c′).aψk1 ,
which is sent by (53) to
µν´2
θX2
·
⊕
v∈Fq
ζ
tr(v(x+c′))
p
ηb,ψ1 (x+ c
′)ηb,ψ2 (x)
· z(ψ).
Hence the braiding is
R[µbε] =
⊕
v∈Fq
ζ
tr( e
ε´+k2v
ek2−e−k2
)
p J. (54)
4.2.3 t1 = µt2 ∈ {±2}
Now tj = 2µj and Xj = B
νj ,vj
µj ,εj for j = 1, 2, with µ1µ2 = µ, ε1ε2 = ε. By (15)
and Lemma 4.2 (ii),
Xµbε =
⊕
i∈H′
C〈µ1b(eε´ − e2i+ε´2)〉 ⊗ C〈µ2b(e2i+ε´2 )〉,
where H′ consists of i ∈ {1, . . . , 2q} with (eε´−e2i+ε´2)e−ε´1 ∈ F×2q ; for each i ∈ H′,
write eε´ − e2i+ε´2 = e2ˆi+ε´1 .
Then
X[µbε]
∼=
⊕
d∈H′
Bν,e
−2dˆv1+e
−2dv2
µ,ε , (55)
µ1b(e
2ˆi+ε´1)⊗ µ2b(e2i+ε´2) 7→
⊕
d∈H′
δd,i. (56)
For the braiding, note that µ1b(e
2ˆi+ε´1) = (µbε)(µ2b(e
2i+ε´2 ))−1, so
R[µbε](µ1b(e
2ˆi+ε´1)⊗ µ2b(e2i+ε´2)) = µ
ν´2ζ
tr(eε´−2iv2)
p
θX2
µ2b(e
2i+ε´2)⊗ µ1b(e2ˆi+ε´1)
(56)7→ µ
ν´2
θX2
ζtr(e
ε´−2iv2)
p
⊕
d∈H′
δd,ˆi.
Thus
R[µbε] =
⊕
d∈H′
µν´2
θX2
ζtr(e
ε´−2dv2)
p J(d, dˆ), (57)
with J(d, dˆ) : Bν,e
−2dˆv1+e
−2dv2
µ,ε → Bν,e
−2dv2+e
−2dˆv1
µ,ε . (58)
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4.3 X[cℓ]
Let I denote the set of i ∈ [1, q + 1] with i ≡ ν´ (mod 2).
4.3.1 f ℓ 6= aǫ11 aǫ22
Fix x0 ∈ Fq2 with N (x0) = ∆(t, t1, t2)e−1.
For i ∈ {1, . . . , q + 1}, put
hj(i) = k.
(
1
f ℓ − f−ℓ
(
f ℓtj − tj x0f i
ex0f
−i tj − f−ℓtj
))
, j = 1, 2, (59)
and let
h(i) = h1(2h+ 1 + ℓ+ i)⊗ h2(i). (60)
Suppose c˜i : C〈hj(0)〉 → C〈hj(i)〉 is given by hj(0) 7→ ηcj (i) · hj(i).
If xj 6= µbε, j = 1, 2, then by Lemma 4.2 (i) and Lemma 4.1,
Xcℓ =
q+1⊕
i=1
C〈h(i)〉,
hence
X[cℓ] ∼=
⊕
w∈I
⊕2Cwℓ , h(i) 7→
⊕
w∈I
ϑw(i)z(i), (61)
with
ϑw(i) =
ζiw2(q+1)
ηc1(2h+ 1 + ℓ+ i)η
c
2(i)
. (62)
The braiding is
R[cℓ] = θ
−1
X2
·
⊕
w∈I
ζ
(ℓ+2h+1)w
2(q+1) J
ℓ+1. (63)
If Xj = B
νj ,vj
µj ,εj for at least one j, then x0 can chose to be (t− µjtj)e˜−1. By
(19), hj(i) ∈ [µjbεj ] if and only if
(t− µjtj)eε´j
2e˜(f ℓ − f−ℓ) (f˜
i + f˜−i)2 ∈ F×2q ;
let K denote the set of i ∈ [1, q + 1] determined by h1(2h+ 1 + ℓ+ i) ∈ [µ1bε1 ]
(resp. h2(i) ∈ [µ2bε2 ]) if j = 1 (resp. j = 2). Then
Xcℓ =
⊕
i∈K
C〈h(i)〉,
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hence
X[cℓ] ∼=
⊕
w∈I
Cwℓ , h(i) 7→
⊕
w∈I
ζiw2(q+1)
ηc1(2h+ 1 + ℓ+ i)η
c
2(i)
. (64)
The braiding is
R[cℓ] = θ
−1
X2
·
⊕
w∈I
ζ
(ℓ+2h+1)w
2(q+1) id. (65)
4.3.2 f ℓ = aǫ11 a
ǫ2
2 with ǫ1, ǫ2 ∈ {±1}
By Lemma 4.2 (i) and Lemma 4.1, y˜1, y˜2 are diagonal, so aj = f
ℓj , ℓj ∈ [1, 2h],
and Xj = C
wj
ℓj
, j = 1, 2, with ǫ1ℓ1 + ǫ2ℓ2 ≡ ℓ (mod q + 1). Now
Xcℓ = C〈cǫ1ℓ1〉 ⊗ C〈cǫ2ℓ2〉,
and we have
X[cℓ] ∼= Cǫ1w1+ǫ2w2ℓ , cǫ1ℓ1 ⊗ cǫ2ℓ2 7→ cℓ. (66)
Obviously,
R[cℓ] = ζ
ǫ1ǫ2ℓ1w2
q+1 id. (67)
4.4 X[µe]
Due to that each element is conjugate to its inverse, the non-triviality of X[µe]
requires x2 = µx1.
Suppose
X[µe] ∼= n01⊕m0V ⊕
2h−1⊕
σ=1
nσWσ ⊕
2h⊕
φ=1
mφXφ ⊕ n′W ′ ⊕ n′′W ′′ ⊕m′X ′ ⊕m′′X ′′.
Evaluating at ±e, ±bε, ak′ (k′ ∈ [1, 2h− 1]), cℓ (ℓ ∈ [1, 2h]) gives respectively
n0 + qm0 + (q + 1)
2h−1∑
σ=1
nσ(±1)σ + (q − 1)
2h∑
φ=1
mφ(±1)φ + (2h+ 1)(n′ + n′′)
±2h(m′ +m′′) = tr1,
n0 +
2h−1∑
σ=1
nσ(±1)σ −
2h∑
φ=1
mφ(±1)φ + sεn′ + s−εn′′ ∓ (sεm′ + s−εm′′) = tr2,
n0 +m0 +
2h−1∑
σ=1
(ζσk
′
q−1 + ζ
−σk′
q−1 )nσ + (−1)k
′
(n′ + n′′) = tr3,
n0 −m0 −
2h∑
φ=1
(ζφℓq+1 + ζ
−φℓ
q+1 )mφ − (−1)ℓ(m′ +m′′) = tr4,
with tr1, tr2, tr3, tr4 depending on X1, X2.
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4.4.1 X1 = A
µu+d
k , X2 = A
u
kµ
No representative of a nontrivial conjugacy class fixes any component, except for
ak
′
, which fixes C〈ak⊗a2hµ´−k〉 and C〈a−k⊗ak−2hµ´〉, giving trace ζk′dq−1+ ζ−k
′d
q−1 .
tr1 = (±1)dq(q + 1), tr2 = tr4 = 0, tr3 = ζk′dq−1 + ζ−k
′d
q−1 .
If ν = +, i.e., 2 | d, then we solve out
n′ = n′′ = 1 + δ2h|d|, n0 = δ
0
d, nσ = 2δ2|σ + δ
σ
|d|, (68)
m′ = m′′ = 0, m0 = 2 + δ
0
d, mφ = 2δ2|φ. (69)
When d = 0, we have an isomorphism
X[µe] ∼= 1⊕⊕3V ⊕
h−1⊕
σ′=1
⊕2W2σ′ ⊕
h⊕
φ′=1
⊕2X2φ′ ⊕W ′ ⊕W ′′,
ak ⊗ a2hµ´−k 7→ 1⊕ (ξa1 , ξa2 , ξa3 )⊕
h−1⊕
σ′=1
(ξa1 , ξ
a
2 )⊕
h⊕
φ′=1
(ξa1 , ξ
a
2 )⊕ ξa ⊕ ξa,
and then use this to find the braiding:
R[µe] = ζ
µku
q−1

1⊕ (J µ´ ⊕ 1)⊕ h−1⊕
σ′=1
µhI ⊕
h⊕
φ′=1
J µ´−1 ⊕ µh ⊕ µh

 . (70)
When |d| = 2h, we have an isomorphism
X[µe] ∼= ⊕2V ⊕
h−1⊕
σ′=1
⊕2W2σ′ ⊕
h⊕
φ′=1
⊕2X2φ′ ⊕⊕2W ′ ⊕⊕2W ′′,
ak ⊗ a2hµ´−k 7→ (ξa1 , ξa2 )⊕
h−1⊕
σ′=1
(ξa1 , ξ
a
2 )⊕
h⊕
φ′=1
(ξa1 , ξ
a
2 )⊕ (ξa1 , ξa2 )⊕ (ξa1 , ξa2 ),
and then use this to find the braiding:
R[µe] = ζ
µku
q−1

J µ´ ⊕ h−1⊕
σ′=1
µhI ⊕
h⊕
φ′=1
J µ´ ⊕ µhI ⊕ µhI

 . (71)
In the remaining case, |d| 6= 0, h,
X[µe] ∼= ⊕2V ⊕⊕3W|d| ⊕
⊕
σ′∈[1,h−1]
2σ′ 6=|d|
⊕2W2σ′ ⊕
h⊕
φ′=1
⊕2X2φ′ ⊕W ′ ⊕W ′′,
determined similarly, and the braiding is
R[µe] = ζ
µku
q−1 · id. (72)
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If ν = −, i.e., 2 ∤ d, then we can solve out
n′ = n′′ = 0, n0 = 0, nσ = 2δ2∤σ + δ
σ
|d|, (73)
m′ = m′′ = 1, m0 = 0, mφ = 2δ2∤φ, (74)
and the isomorphism
X[µe] ∼= ⊕3W|d| ⊕
⊕
σ′∈[1,h−1]
2σ′−16=|d|
⊕2W2σ′−1 ⊕
h⊕
φ′=1
⊕2X2φ′−1 ⊕X ′ ⊕X ′′
can be determined similarly, and the braiding is also
R[µe] = ζ
µku
q−1 · id. (75)
4.4.2 X1 = B
ν1,v1
µ1,ε , X2 = B
ν2,v2
µ2,ε , with µ1µ2 = µ
tr1 = (±1)ν1+ν2 1
2
(q2 − 1), tr2 = (±1)ν1+ν2gε, tr3 = tr4 = 0.
Here
gµ =
2h∑
k=1
ζtr(e
2k+µ´(v1−v2))
p ,
and the second equation follows from that bε acts on C〈a˜2k〉 ⊗ C〈a˜2k+2h〉 as
multiplication by ζ
tr(eε´−2k(v1−v2))
p .
Suppose v1 = v2, then g± = 2h. If ν1 = ν2, then we can solve out
n0 = m0 = n
′ = n′′ = 1, nσ = 2δ2|σ, mφ = m
′ = m′′ = 0, (76)
Note that b−1ε = a
h.bε, instead of using j. So
R[µe] = µ2ν2ζ
−tr(eε´v2)
p
(
1⊕ 1⊕
h⊕
σ′=1
(−1)hI ⊕ (−1)h ⊕ (−1)h.
)
(77)
If ν1 6= ν2, then
n0 = m0 = n
′ = n′′ = m′ = m′′ = mφ = 0, nσ = 2δ2∤σ, (78)
and
R[µe] = µ2ν2ζ
−tr(eε´v2)
p
h⊕
σ′=1
(−1)hI. (79)
Now suppose v1 6= v2. If ν1 = ν2, then we can solve out
n0 = 0, nσ = δ2|σ, (n
′, n′′) =
{
(1, 0), g+ = s+ − 1,
(0, 1), g+ = s− − 1.
(80)
m0 = 1, mφ = δ2|φ, m
′ = m′′ = 0. (81)
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The braiding is
R[µe] = µ2ν2ζ
−tr(eε´v2)
p id. (82)
If ν1 6= ν2, then
n0 = 0, nσ = δ2∤σ, n
′ = n′′ = 0, (83)
m0 = 0, mφ = δ2∤φ, (m
′,m′′) =
{
(1, 0), g+ = s+ − 1,
(0, 1), g+ = s− − 1.
(84)
The braiding is similar.
4.4.3 X1 = C
µw+d
ℓ , X2 = C
w
ℓµ
tr1 = (±1)dq(q − 1), tr2 = tr3 = 0, tr4 = ζℓ′dq+1 + ζ−ℓ
′d
q+1 .
If ν = +, i.e., 2 | w1 − w2, then we can solve out
n′ = n′′ = 1, n0 = δ
0
d, nσ = 2δ2|σ, (85)
m′ = m′′ = 0, m0 = 2− δ0d, mφ = 2δ2|φ − δφ|d|. (86)
When d = 0, we have
X[µe] ∼= 1⊕ V ⊕
h−1⊕
σ′=1
⊕2W2σ′ ⊕
h⊕
φ′=1
⊕2X2φ′ ⊕W ′ ⊕W ′′,
cℓ ⊗ c(2h+1)µ´−ℓ 7→ ξc ⊕ ξc ⊕
h−1⊕
σ=1
(ξc1 ⊕ ξc2)⊕
h⊕
φ=1
(ξc1 ⊕ ξc2)⊕ ξc ⊕ ξc,
and the braiding is
R[µe] = ζ
µℓw
q+1

1⊕ 1⊕ h−1⊕
σ′=1
µhI ⊕
h⊕
φ=1
J µ´ ⊕ µh ⊕ µh

 . (87)
When d 6= 0, the isomorphism can be determined similarly, and R[µe] = ζµℓwq+1 id.
If ν = −, then we can solve out
n0 = 0, n
′ = n′′ = 0, nσ = 2δ2∤σ, (88)
m0 = 0, m
′ = m′ = 1− δ2h+1|d| , mφ = 2δ2∤φ − δ2h+1|d| . (89)
When |d| = 2h+ 1,
X[µe] ∼=
h⊕
σ′=1
⊕2W2σ′−1 ⊕
h⊕
φ′=1
⊕2X2φ′−1,
cℓ ⊗ c(2h+1)µ´−ℓ 7→
h⊕
σ′=1
(ξc1 , ξ
c
2)⊕
h⊕
φ′=1
(ξc1 , ξ
c
2),
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and the braiding is
R[µe] = ζ
µℓw
q+1

 h⊕
σ′=1
µh ⊕
h⊕
φ′=1
J µ´

 . (90)
When |d| 6= 2h+ 1,
X[µe] ∼=
h⊕
σ′=1
⊕2W2σ′−1 ⊕X|d| ⊕
⊕
φ′∈[1,h]
2φ′−16=d
⊕2X2φ′−1 ⊕X ′ ⊕X ′′,
the isomorphism determined similarly, and the braiding is R[µe] = ζ
µℓw
q+1 id.
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